Electronic excitations above the ground state must overcome an energy gap in superconductors with spatially-homogeneous pairing. In contrast, inhomogeneous superconductors such as those with magnetic impurities, weak links or heterojunctions containing normal metals can host subgap electronic excitations that are generically known as Andreev bound states (ABSs). With the advent of topological superconductivity, a new kind of ABS with exotic qualities, known as Majorana bound state (MBS), has been discovered. We review the main properties of all such subgap states and the state-of-the-art techniques for their detection. We focus on hybrid superconductor-semiconductor nanowires, possibly coupled to quantum dots, as one of the most flexible and promising experimental platforms. We discuss how the combined effect of spin-orbit coupling and Zeeman energy in these wires triggers the transition from ABSs into MBSs and show theoretical progress beyond minimal models in understanding experiments, including the possibility of a new type of robust Majorana zero mode without the need of a band topological transition. We examine the role of spatial nonlocality, a special property of MBS wavefunctions that, together with non-Abelian braiding, is the key ingredient for realizing topological quantum computing.
I. INTRODUCTION
Ever since Kamerlingh Onnes discovered the "zero resistance state" of metals at very low temperatures in 1911 [1] , the superconducting state of matter [2, 3] has fascinated physicists. In the last century, the understanding of superconductivity has evolved extraordinarily and has garnered eight Nobel prizes, turning it into one of the most iconic topics in condensed matter physics [4] . As described by the seminal Bardeen-Cooper-Schrieffer (BCS) theory of superconductivity [5] , the characteristic feature of superconductors (SCs) is the macroscopic occupation of bound pairs of electrons, known as Cooper pairs [6] , in the same quantum-coherent ground state. The condensation of Cooper pairs into such ground state is associated with a superconducting complex order parameter ∆ = ∆e iϕ [7, 8] , where ϕ is the conjugate of the number of Cooper pairs. In a homogeneous s-wave BCS SC the single-particle spectrum develops an energy gap ∆ for the creation of quasiparticle excitations above the ground state. These are propagating superpositions of electrons and holes with different energy-dependent weights. However, if the order parameter -also called the pair potential [2] -varies in space, ∆(r), lower energy ('subgap') excitations may develop. Such is the case of states trapped in magnetic flux vortices (so-called Caroli-Matricon-De Gennes states [9] ), at magnetic domains or impurities (Yu-Shiba-Rusinov states [10] [11] [12] ), at weak links between SCs or at normal metal-superconductor (NS) contacts [13] , to name a few. Collectively, these subgap states are dubbed Andreev bound states (ABSs), and are the focus of numerous theoretical and experimental efforts, as well as the basis of promising emerging quantum technologies, see Fig. 1 .
The core physical mechanism behind the formation of subgap states in inhomogeneous systems with ∆(r) is a remarkable scattering process, predicted by Andreev [14, 15] , in which an incoming particle-like excitation can convert into an outgoing hole-like one and viceversa, see central row of Fig. 1 . Many of such Andreev scattering events coherently concatenated lead to the formation of subgap ABSs [16, 17] that are localized near the region where the pair potential has strong spatial variations (for a recent review see [18] ).
In the last decade, a new twist in the possibilities afforded by the superconducting pairing of electrons has been possible with the advent of topological materials [19, 20] . Inspired by notions of topology such as topological invariants [21] , several authors have predicted the existence of a new phase of matter known as a topological superconducting state [22] [23] [24] [25] [26] [27] . It arises in so-called pwave SCs, which possess a rare triplet-like pair potential (an exotic form of superconductivity in which only a single spin band is involved [28] [29] [30] [31] [32] ). This topological phase is characterized by the emergence of a rather special type of bound state occurring at topological defects such as vortices, boundaries or domain walls in these topologi-arXiv:1911.04512v1 [cond-mat.supr-con] 11 Nov 2019 cal SCs. Importantly, such bound states occur precisely at zero energy, and exhibit an electron and hole character with exactly equal probability. The second quantization operators describing these states are self-conjugate, γ = γ † . They are in this sense a condensed matter realisation of the celebrated 'particle-equals-antiparticle' states known as Majorana fermions [33] , and also of socalled Jackiw-Rossi states at field vortices in the Dirac equation [34, 35] .
As opposed to standard ABSs, which can be pushed out of the gap by continuous deformations of the Hamiltonian, Majorana bound states (MBSs) cannot be removed from zero energy by any local perturbation or local noise that does not close the gap. This is possible owing to the bulk-boundary correspondence principle of band topology [36] , which predicts that at the boundaries between topological materials with non-topological ones, edge states must appear that are protected against perturbations by the topology of the bulk. Quite remarkably, MBSs do not follow fermion statistics, unlike the original particles predicted by Majorana [33] , but rather possess non-Abelian exchange statistics. Upon exchange of two MBSs (braiding), a non-trivial unitary operation will be performed on them. This property, together with their topological protection against local noise, holds promise for applications in fault-tolerant quantum computing [37, 38] .
The interesting connection between Dirac physics, superconductivity and Majorana zero modes was fully exploited by Fu and Kane in 2008 [39] , who put forward the conceptual breakthrough of effectively creating p-wave superconductivity and MBSs out of standard s-wave SCs by virtue of the proximity effect acting onto the helical edge states of topological insulators (propagating edge states with spin-momentum locking). The possibility of combining different materials to engineer the topological superconducting state has spurred an immense interest in the physics of Majorana states in hybrid systems.
Fu and Kane's idea was soon extended to other materials with helical states produced by strong spin-orbit (SO) coupling, but different from topological insulators [32] . A popular practical proposal was put forward independently by two groups in 2010 (Lutchyn et al [40] and Oreg et al [41] ), that realizes the conceptual model for one-dimensional (1D) p-wave superconductivity proposed by Kitaev in 2001 [31] . It was based on 1D low-density semiconducting nanowires under an external magnetic field B, which readily allowed its implementation in experiments. The combination of the SO interaction and the Zeeman field V Z = gµ B B/2 associated to B generates, for a small chemical potential µ in the nanowire, a helical phase similar to that of topological insulators but with broken time-reversal symmetry [42] . By covering the nanowire with a conventional SC, its spectrum becomes gapped by the proximity effect. In this device, sometimes dubbed a Majorana nanowire, a topological transition in the form of a band inversion was predicted to occur at a critical Zeeman energy V c Z of the order of the induced superconducting gap (Box 1). The material properties necessary to realize this proposal in the lab can be achieved by using InAs or InSb semiconducting nanowires [43, 44] . Hybrid superconductingsemiconducting devices based on such nanowires can be tuned to the topological phase by increasing B and depleting the wires by means of gate voltages. In finite wires, MBSs emerge in pairs, one at either end. They remain at zero energy when the wire is longer than the SC coherence length. One pair of Majorana states forms a non-local fermion. The occupation of two such fermions defines the elementary qubit in proposals of topological quantum computers [31] .
In this work we review the formation and properties of general subgap bound states in nanowires and nanowire junctions, as they evolve from conventional ABSs in highdensity nanowires (Sec. II) to topological Majorana zero modes at low-densities and finite magnetic fields (Sec. III). We summarize the main experimental approaches currently used for their detection and characterization [45] [46] [47] , including ABSs in nanowire quantum dots (QDs) [48] [49] [50] [51] [52] [53] . Going beyond, we discuss in Sec. IV various physical extensions of the minimal description of Majorana nanowires. These include multimode effects [54] [55] [56] [57] , renormalized g-factors and SO couplings due to strong proximity effect with the parent SC [58] [59] [60] [61] [62] [63] , effects of the charge density distribution across the wire section and of the electrostatic environment [60, [64] [65] [66] [67] [68] or density and pairing inhomogeneities [69] [70] [71] [72] . Such generalized nanowires have been predicted to sometimes develop robust zero modes [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] that cannot be classified using the band-topological concepts of uniform Majorana nanowires. They allow nevertheless a classification within the more general context of non-Hermitian topology [79] . We review the open questions that remain as to their nature (e.g. their location within the wire [70, 72, 74, 80, 81] , their degree of fermionic non-locality [74, 82, 83] , their decay into external leads [79, 84] , their resilience to perturbations [85] [86] [87] [88] [89] [90] [91] [92] [93] [94] [95] [96] [97] [98] ) and the conditions for their emergence. Understanding these Majorana zero modes without a clear relation to bulk topology is particularly important currently, in view of the many observations of robust zero bias anomalies reported in recent experiments [99] [100] [101] [102] .
II. ABSs IN HIGH-DENSITY NANOWIRES AND QDs

A. Formation of ABSs
ABSs arise in superconducting systems as the result of an unusual form of quantum confinement caused by socalled Andreev reflection [14, 15] . In a metallic system in its normal phase, electrons become specularly reflected at planar interfaces with vacuum or insulating materials. This is known as normal reflection. However, at an NS boundary [13, 107] , an incoming electron from the N side . The QDs are connected to each other, an to superconductors (labeled SC), by means of quantum point contacts (QPCs The first and the last dots are also coupled to external leads. The normal stat conductance of QPCs between adjacent dots or between the end dots and th leads is Gk, and of the QPCs linking a dot to a superconductor is G?. Th confinement energy inside each QD can be controlled by varying the potentia Vgate. (b) Realization of the same setup using a nanowire, with the difference tha each dot is coupled to two superconductors in order to control the strength of th superconducting proximity effect without the use of QPCs. separated by gate-controlled tunnel barriers, and all the tuning can be done by gates, excep for the coupling to a superconductor. This coupling, in turn, can be controlled by coupling tw superconductors to each dot and applying a phase difference to these superconductors. Th layout of a nanowire implementation of our proposal is shown in figure 1 
This geometry has the advantage of eliminating many of the problems mentioned above By using single-level QDs, and also quantum point contacts (QPCs) in the tunneling regime we solve issues related to multiple transmitting modes. Additional problems, such as accidenta closings of the induced superconducting gap due to disorder, are solved because our setup allow us to tune the system to a point where the topological phase is most robust, as we will show.
We present a step-by-step tuning procedure which follows the behavior of the system i parallel to that expected for the Kitaev chain. As feedback required to control every step w use the resonant Andreev conductance, which allows us to track the evolution of the system' energy levels. We expect that the step-by-step structure of the tuning algorithm should eliminat the large number of non-Majorana explanations of the zero bias peaks. (21, 22) , whereas non-resonant current indicates that the proximity gap has not fully developed (23) . Figure 2 summarizes our main result. Figure 2A shows a set of dI/dV versus V traces taken at increasing B-fields in 10 mT steps from zero (lowest trace) to 490 mT (top trace), offset for clarity. We again observe the gap edges at ±250 eV. When we apply a B-field between ~100 and ~400 mT along the nanowire axis we observe a peak at V = 0. The peak has an amplitude up to ~0.05·2e 2 /h and is clearly discernible from the background conductance. Above ~400 mT we observe a pair of peaks. The color panel in Fig. 2B provides an overview of states and gaps in the plane of energy and B-field from -0.5 to 1 T. The observed symmetry around B = 0 is typical for all our data sets, demonstrating reproducibility and the absence of hysteresis. We indicate the gap edges with horizontal dashed lines (highlighted only for B < 0). A pair of resonances crosses zero energy at ~0.65 T with a slope of order EZ (highlighted by dotted lines). We have followed these resonances up to high bias voltages in (20) and identified them as Andreev states bound within the gap of the bulk, NbTiN superconducting electrodes (~2 meV). By contrast, the zero-bias peak sticks to zero energy over a range of B ~ 300 mT centered around ~250 mT. Again at ~400 mT we observe two peaks located at symmetric, finite biases.
In order to identify the origin of these zero-bias peaks (ZBP) we need to consider various options, including the Kondo effect, Andreev bound states, weak antilocalization and reflectionless tunneling, versus a conjecture of Majorana bound states. ZBPs due to the Kondo effect (24) or Andreev states bound to s-wave superconductors (25) can occur at finite B. However, when changing B these peaks then split and move to finite energy. A Kondo resonance moves with twice Ez (24) , which is easy to dismiss as the origin for our zero-bias peak because of the large g-factor in InSb. (Note that even a Kondo effect from an impurity with g = 2 would be discernible.) Reflectionless tunneling is an enhancement of Andreev reflection by time-reversed paths in a diffusive normal region (26) . As in the case of weak antilocalization, the resulting ZBP is maximal at B = 0 and disappears when B is increased, see also (20) . We thus conclude that the above options for a ZBP do not provide natural explanations for our observations. We are not aware of any mechanism that could explain our observations, besides the conjecture of a Majorana.
To further investigate the zero-biasness of our peak, we measure gate voltage dependences. Figure 3A shows a color panel with voltage sweeps on gate 2. The main observation is the occurrence of two opposite types of behavior. First, we observe peaks in the density of states that change with energy when changing gate voltage (e.g., highlighted with dotted lines), these are the same resonances as shown in Fig. 2B and analyzed in (20) . The second observation is that the ZBP from Fig.  2 , which we take at 175 mT, remains stuck to zero bias while changing the gate voltage over a range of several volts. Clearly, our gates work since they change the Andreev bound states by ~0.2 meV per Volt on the gate. Panels (B) and (C) underscore this observation with voltage sweeps on a different gate, number 4. (B) shows that at zero magnetic field no ZBP is observed. At 200 mT the ZBP becomes again visible in (C). Comparing the effect of gates 2 and 4, we observe that neither moves the ZBP away from zero.
Initially, Majorana fermions were predicted in single-subband, onedimensional wires (8, 9) , but further work extended these predictions to multi-subband wires (27) (28) (29) (30) . In the nanowire section that is uncovered we can gate tune the number of occupied subbands from 0 to ~4 with subband separations of several meV. Gate tuning in the nanowire section Conceptual device layout with a semiconducting nanowire in proximity to an s-wave superconductor. An external B-field is aligned parallel to the wire. The Rashba spin-orbit interaction is indicated as an effective magnetic field, Bso, pointing perpendicular to the nanowire. The red stars indicate the expected locations of a Majorana pair. (Bottom) Energy, E, versus momentum, k, for a 1D wire with Rashba spin-orbit interaction, which shifts the spin-down band (blue) to the left and spin-up band (red) to the right. Blue and red parabola are for B = 0. Black curves are for B 0, illustrating the formation of a gap near k = 0 of size g BB. ( is the Fermi energy with = 0 defined at crossing of parabolas at k = 0). The superconductor induces pairing between states of opposite momentum and opposite spin creating a gap of size . (B) Implemented version of theoretical proposals. Scanning electron microscope image of the device with normal (N) and superconducting (S) contacts. The S-contact only covers the right part of the nanowire. The underlying gates, numbered 1 to 4, are covered with a dielectric. [Note that gate 1 connects two gates and gate 4 connects four narrow gates; see (C).] (C) (Top) Schematic of our device. (Down) illustration of energy states. Green indicates the tunnel barrier separating the normal part of the nanowire on the left from the wire section with induced superconducting gap, . [In (B) the barrier gate is also marked green.] An external voltage, V, applied between N and S drops across the tunnel barrier. Red stars again indicate the idealized locations of the Majorana pair. Only the left Majorana is probed in this experiment. (D) Example of differential conductance, dI/dV, versus V at B = 0 and 65 mK, serving as a spectroscopic measurement on the density of states in the nanowire region below the superconductor. Data from device 1. The two large peaks, separated by 2 , correspond to the quasiparticle singularities above the induced gap. Two smaller subgap peaks, indicated by arrows, likely correspond to Andreev bound states located symmetrically around zero energy. Measurements are performed in dilution refrigerators using standard low-frequency lock-in technique (frequency 77 Hz, excitation 3 V) in the four-terminal (devices 1 and 3) or twoterminal (device 2) current-voltage geometry.
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The broadening tot G stems from decay and dephasing of the double dot. MBQ readout is now possible either by observing a peak in the amplitude of the transmitted photon spectrum (I A I (6), figure 2(e), or by measuring the z-dependent
As a variant of the quantum-dot-based readout proposed here, we mention the possibility of using the regime where the tunneling through the reference arm (t 0 ) is much stronger than the (co-)tunneling through the MBQ (t 1 ). In this limit, the two dots are effectively hybridized into a single dot tunnel coupled to two Majorana operators, say 2 g and 3 g . The energy shift of the QD depends on z i 2 3 g g = which therefore can be read out by a measurement of the dot charge [25] or the quantum capacitance [31] .
At this point, it is worth stressing that all the above readout schemes are topologically protected in the sense that imperfections that may reduce the readout fidelity (which can be compensated for by longer integration times) do not change the projection caused by the measurement. This is because the measured operator is uniquely defined by the dots or leads being addressed. The robustness of the projection is a consequence of the non-local and fractionalized nature of the MBQ quantum spin.
So far we discussed readout and preparation of zˆ-eigenstates. Using the three-dot device with an interference link in figure 3 (a), the zˆ-measurement is readily generalized to readout of all three Pauli operators (x y z , ,ˆˆ). Here, a phase-coherent reference arm connecting far ends of the box is needed, e.g., between 1 g and 2 g . For this purpose, a floating TS wire (top) acts as a single fermion level stretched out over the entire wire length [26, 27] . Thereby, readout and manipulations along the far side of the MBQ become possible. Figure 3 (b) lists the corresponding dot pairs to access all Pauli operators. This simple geometry allows for non-trivial test experiments, e.g., to first prepare an eigenstate in one basis, and then measure a different Pauli operator.
Similar protocols allow to manipulate arbitrary MBQ states yñ | . For instance, consider an electron transfer from dot 2 3 in figure 3(a), implemented by ramping the detuning parameter ε. With interference links turned off (t 0 0 = ), the tunneling amplitude is t z 1ˆ, seeequation (4). The protocol begins with an electron on dot
Assuming that a later measurement detects an electron on dot 3, the final state is
In effect, the Pauli-zˆoperator has thus been applied, z y y ñ ñ |ˆ| . Equation (7) holds because all odd-in-t 1 terms are proportional to zˆand because the final measurement has confirmed the transfer 2 3 . This protocol works beyond the adiabatic regime [15, 16] and allows for fast high-fidelity operations. Moreover, after a failed transfer attempt, covered with superconductor is much less effective due to efficient screening. The number of occupied subbands in this part is unknown, but it is most likely multi-subband. As shown in figs. S9 and S11 of (20) we do have to tune gate 1 and the tunnel barrier to the right regime in order to observe the ZBP.
We have measured in total several hundred panels sweeping various gates on different devices. Our main observations (20) are (i) ZBP exists over a substantial voltage range for every gate starting from the barrier gate until gate 4, (ii) we can occasionally split the ZBP in two peaks located symmetrically around zero, and (iii) we can never move the peak away from zero to finite bias. Data sets such as those in Figs. 2 and 3 demonstrate that the ZBP remains stuck to zero energy over considerable changes in B and gate voltage Vg. Figure 3D shows the temperature dependence of the ZBP. We find that the peak disappears at around ~300 mK, p scale of kBT ~ 30 eV. The full-width at ha temperature is ~20 eV, which we believe is broadening as 3.5·kBT(60 mK) = 18 eV. Next we verify explicitly that all the requi retical Majorana proposals ( Fig. 1A ) are inde the ZBP. We have already verified that a n Now, we test if spin-orbit interaction is cruci ence of the ZBP. Theory requires that the ex perpendicular to Bso. We have measured a se setup containing a 3D vector magnet such tha in arbitrary directions. In Fig. 4 we show dI/d the angle for a constant field magnitude. In Fi is approximately equal to the plane of the sub that the ZBP comes and goes with angle. The around /2, which thereby we deduce as the d the plane of rotation is perpendicular to Bso. I ZBP is now present for all angles, because B lar to Bso. These observations are in full agree the spin-orbit direction in our samples (17, 31 that this angle dependence is not a result of th or a variation in g-factor (20) .
As a last check we have fabricated and m cal design but with the superconductor replace (i.e., a N-NW-N geometry). In this sample we ture of a peak that sticks to zero bias while ch Central row: Andreev reflection at an NS junction, see central panel, is the retro-reflection of an electron into a hole (or viceversa) of opposite spin and wavevector, with the addition (or removal) of a Cooper pair to the SC condensate. In contrast, normal (specular) reflection leaves the particle and spin quantum numbers unchanged. The probability of each (RA vs. 1 − RA below the gap) depends on normal-state transparency TN and energy of the incident electron E. The central-right panel shows the Andreev reflection probability versus E at an NS junction of TN in the high density limit (chemical potential µ much larger than superconducting gap ∆). Multiple coherent Andreev reflections in a short SNS Josephson junction produce an ABS confined to the N region with energy E(ϕ) below the gap. The energy depends on TN and the phase difference ϕ between the two SCs, see central-left panel. Lower row: Several experimental techniques have been developed to probe the ABS spectrum, amongst which we highlight Josephson spectroscopy using the AC Josephson effect of a capacitively coupled tunnel junction, microwave spectroscopy through the dispersive shift of a planar resonator, and tunneling spectroscopy using the differential conductance into the nanowire through an opaque barrier. In the bottom-left panel, a nanowire Josephson junction (denoted by yellow arrow) is embedded in a SQUID loop, which sets a phase bias of ϕ = 2πΦ/Φ0, where Φ is the applied flux and Φ0 = h/2e the superconducting flux quantum. Below is the schematics of the device, where Vs = hf /2e is the spectrometer bias voltage and Vg is the applied gate voltage to the junction. Nearby we show the measured excitation spectrum of a similar device in the single channel regime, where the phase-dependent Andreev level (upper line) and the Josephson plasma oscillations (lower line) contribute to the signal. Experimental data are reproduced from Ref. [46] . The bottom-central panel showcases experiments using the dispersive shift ∆f of an inductively coupled planar superconducting microwave resonator. The data and device image are reproduced from Ref. [47] . The bottom-right panel shows the setup and an experimental dataset for voltage bias spectroscopy, where the differential conductance dI/dV is measured as a function of the voltage bias V . The tunnel barrier is created by depleting a section of the nanowire by the local gate voltage V tunnel . The data and device images are reproduced from Ref. [45] . Upper row: Potential application domains of ABSs in quantum technologies include single spin readout [103] , Andreev quantum bits [104] , topological quantum electronics [105] and hybrid quantum simulators [106] . may transform into an outgoing hole with inverted spin and wave vector. This hole is said to be retro-reflected since both the parallel and normal wavevector components to the interface change sign, whereas in a normal reflection the parallel component remains the same. This process is known as Andreev reflection, and is accompanied by the injection of a Cooper pair into the SC. If the interface is highly transparent, below the gap such Andreev process dominates with high probability R A ≈ 1, whereas in the opposite limit the electron becomes normal-reflected (1 − R A ≈ 1), see central panel of Fig. 1 .
Consider now an electron in a normal metal between two or more insulating interfaces. When the metallic region is small, multiple coherent normal reflections on the boundaries leads to the formation of electronic states of quantized energy. A similar process takes place when some or all of the confining insulators are replaced by SC boundaries [15] . This leads to the formation of ABSs, which are the superconducting analogue of the above particle-in-a-box states in quantum mechanics.
The formation of ABSs becomes particularly simple in the common case of high density SCs with negligible SO coupling and zero magnetic field. In such systems the superconducting gap is much smaller than the chemical potential, ∆ µ, a condition known as the Andreev limit [108] . The NS Andreev reflection probability R A then exhibits a simple dependence with energy E (relative to the SC chemical potential) and normal-state junction transparency T N , depicted in Fig. 1 [109] . This result assumes a step-like pair potential at the interface, a usual approximation known as the rigid boundary-condition [110] .
We now combine two such NS interfaces into a 1D SNS junction with normal length L N . A computation in the Andreev limit of the energy E(ϕ) of ABSs below ∆ for transparent interfaces, and as a function of SC phase difference ϕ across the junction, yields the following quantization condition [17] 
where n is an integer and ξ is the superconducting coherence length. A generalization to a multimode junction of finite transparency yields, in the short junction L N ξ limit [17, 108, 111, 112] , an explicit ABS solution for mode i
where T i N is the normal transmission for each independent scattering-matrix eigenmode i in the normal phase [113] . The presence of such bound states has important consequences for transport, since, as argued by Kulik [17] , it implies that a normal metal can carry a dissipationless supercurrent between two SCs over arbitrarily long lengths, provided that transport is coherent. This is the celebrated dc Josephson effect [114, 115] . At zero temperature and neglecting the contribution to the supercurrent coming from the continuum of states above ∆, I S (ϕ) = −(2e/ ) i ∂E i (ϕ)/∂ϕ (where the factor 2 accounts for spin degeneracy). Figure 1 central-left panel illustrates the above E(ϕ) for different T N in a single-channel junction. Near ϕ = 0, 2π the ABSs touch the continuum of single quasiparticle states above ∆ while they reach their minimum value at ϕ = π, with a minigap that decreases with increasing transparency until reaching an accidental zero-energy crossing as T N → 1. It is important to realize that, since |E(ϕ)| < ∆, the ABS wavefunctions are confined to the junction, and exponentially decay into the bulk of the SC leads on a length scale ξ −1 ABS = ξ −1 √ T N | sin(ϕ/2)|. Deviations from the Andreev limit, relevant in lowdensity nanowires, introduce important corrections to the Andreev reflection R A and ABS energies E i (ϕ), and will be discussed in Sec. III.
B. ABS spectroscopy
Several measurement techniques have been developed to obtain information about ABSs in nanowire Josephson junctions. Here we focus on three broad classes: Josephson spectroscopy, microwave spectroscopy and tunneling spectroscopy, see bottom row of Fig. 1 .
In a Josephson junction, parity-conserving transitions between the ground and excited states with an addition energy of 2E(ϕ) [see Eq. (2)] can be created by an incident photon with a frequency of f = 2E(ϕ)/h. Note that the SC gap ∆ ≈ 180 µeV of Al corresponds to a frequency range of 2∆/h ≈ 90 GHz. A precise treatment of the pair transition leads to an effective microwave impedance Z(f ) associated with the transition [116] . It can be detected via the inelastic Cooper-pair tunneling [117] in a capacitively coupled auxiliary Josephson junction [118] , which is sensitive to the environmental impedance seen by this spectrometer junction. The probing frequency f can be set by applying a voltage bias of V s = hf /2e ( Fig.  1 lower-left panel). Measurements of this type confirmed the applicability of the short junction formula Eq. (2) in a wide range of excitation energies in InAs semiconductor channels with epitaxial Al leads and demonstrated that few-channel configurations of high channel transparency can be attained [46] .
The microwave impedance of the Andreev level transitions can also be detected by the shift in the resonance frequency of a coupled microwave resonator ( Direct quasiparticle tunneling into the ABSs can also probe the ABS spectrum ( Fig. 1 lower-right panel) . These experiments utilize a gate-defined depleted section of the nanowire [45] or an in-situ grown axial tunnel barrier [53, 120] as the opaque probe junction. This measurement geometry allows for the characterization of energy spectra in proximitized semiconductor segments [121] , quantum dots [49, 51] and makes non-local correlation experiments possible [122] , however mesoscopic interference effects in the leads may yield additional features in the differential conductance [52] .
It is worth noting that the ABS spectrum can indirectly be characterized via the measurement of the phasedependent supercurrent I S (ϕ) ∼ dE/dϕ, which was performed by an inductively coupled SQUID loop [123, 124] . These experiments yielded strongly skewed current-phase relations, the signature of highly transparent channels in an InAs nanowire with Al superconducting leads. Similarly, the Josephson inductance, L −1 J ∼ dI S (ϕ)/dϕ could serve as another probe of the anharmonicity in the current phase relationship [125] . Finally, external tunnel barriers, typically AlO x of a few atomic layers, attached to a metallic probe also became an established technique to detect ABSs in other systems, such as carbon nanotubes [126] and graphene flakes [127] .
C. ABSs in QDs
For the junctions above, it was assumed that the channel connecting the SC leads allowed for coherent transport through a segment of ballistic nanowire. By contrast, in QDs, charges localize in the channel and the effect of a finite electrostatic charging energy U must be taken into account. QDs can be formed in a nanowire by e.g. inducing barriers with electrostatic gates ( Fig.  2 (a)). At low temperatures and for low bias voltages, transport is blocked by the large U and the system is in the so-called Coulomb blockade regime with a well defined number of electrons n. Current flow is only possible at discrete degeneracy points where the energies of the n and n + 1 charge states become degenerate. Given the strong confinement in nanoscale QDs, U can easily exceed ∆ in the electrodes, resulting in an interesting interplay between single-electron charge transport, localized spins and superconductivity [131] .
The formation of ABSs can be understood by considering a single QD level coupled to a superconducting electrode. If the level is singly occupied, it holds an unpaired spin, i.e. a spin-doublet ground state ( Fig. 2 (b) ). Conceptually, this scenario is identical to having an isolated magnetic impurity in a superconducting host. As shown by Yu, Shiba and Rusinov (YSR) in the 1960s [10] [11] [12] , the magnetic impurity induces localized bound states within the SC gap. At a critical exchange coupling the system undergoes a quantum phase transition to a magnetically screened, spin-singlet ground state. Con-versely, at weaker coupling, the system maintains its original doublet state. While the above YSR picture applies for classical magnetic impurities, a full quantum treatment naturally leads to the physics of the Kondo effect [132] where, despite the absence of screening electrons within ∆ of the electrodes, the localized spin can still be screened by the above-gap quasiparticles in the SC. As in normal metals, Kondo physics sets in below a characteristic temperature T K , which results in singlet-doublet transitions occurring at k B T K /∆ ∼ 0.3. Early work on hybrid dots indicated the importance of Kondo-like correlations [133, 134] , while more recent experimental work has provided precise boundaries for the transition [50] . Figure 2 (b) shows the generic phase diagram of a hybrid QD as a function of dot parameters [49, 50, 130] .
ABSs in QDs can be detected by transport spectroscopy [49, 126, 128, 129, [135] [136] [137] , whereby dI/dV is measured as a function of bias voltage V . The subgap transport reflects resonant Andreev reflection processes (involving a parity change of the system) at voltages matching the energy difference E BS between the ground and the excited state of the QD (Figs. 2 (c) and (d)). This results in dI/dV peaks located symmetrically around V = 0, corresponding to ABS resonances at energies ±E BS . Figure 2 (e) shows a typical transport spectrum, where ABSs are visible as ridges below the gap. As the charge state, and thereby the parity, of the dot is tuned, the ground state switches between the singlet and doublet states, as reflected by the ABS crossings at zero bias. Remarkably, the ground state remains a singlet in some odd-occupancy regions due to the strong screening discussed above, which leads to avoided ABS crossings in the spectra. The experimental phase diagram of the QD-S system has been explored [50, 128] with excellent quantitative agreement with theory [130, 138] . In some cases, however, one needs to go beyond the bulk treatment of the SC above (to include soft gap effects, finite-length effects, etc) in order to understand the complex ABS spectra of finite-length proximitized nanowires [52, 53] . Transport spectroscopy of ABSs can also be performed by replacing the N probe by a weakly coupled superconductor. Here, all spectroscopical features are shifted by ∆ [48] . ABSs exist also in coupled hybrid dot systems [51, 139] where one can observe YSR screening of higher spin states and a more intricate phase diagram than Fig. 2 (b) [51, 140] .
In an external magnetic field, the Zeeman effect lifts the spin degeneracy of the doublet state. This strongly impacts the transport spectra of the ABSs (Fig. 2(d) ). In case of a singlet ground state, two (parity-changing) transitions are allowed owing to the splitting of the excited doublet state. In contrast, when the ground state is a doublet, only one transition remains accessible independent of B. As a result, the ABSs shift to higher energies but do not split. Figure 2 (f) depicts these two distinct behaviors of the ABSs at finite B [49] . Interestingly, for high enough fields, the lowest-energy, spin-split ABSs can cross the Fermi level, denoting a quantum phase transi- . Local gates can be used to confine a QD, and to tune the dot-electrode tunnel couplings and the dot occupation/parity [51, 128] . QDs can also form unintentionally in a nanowire, e.g. by barriers at interfaces [49, 50, 99, 121, 129] . (b) Top panel: charge stability diagram of a normal QD as a function of the bias voltage, V , and the gate voltage, Vg. The dot occupation (0, 1 or 2) is well-defined inside the Coulomb diamonds. Bottom panel: phase diagram of a hybrid QD as a function of Vg and the QD-S coupling, ΓS, normalized by the charging energy, U = e 2 /2C (e being the electron charge and C the QD capacitance). In the weak coupling limit, ΓS/U 1, the ground state is a spin-doublet when the dot is occupied by an odd number of electrons. Conversely, for ΓS/U 1, the ground state is a spin-singlet irrespective of the dot occupancy. The precise boundary between both states can be obtained by experimentally tuning the ratio ΓS/U [50] in very good agreement with theoretical results obtained by a superconducting analog of the Anderson model [130] . (c) ABSs formed within the SC gap by the Yu-Shiba-Rusinov mechanism where the confined spin (impurity) is screened by itinerant quasiparticles. The bound state energy, EBS, represents the excitation energy from the ground state of the QD-S system to an excited state. (d) Schematics of the possible transitions between ground and excited states of a hybrid QD. An external magnetic field, B, splits the doublet state by the Zeeman energy, 2VZ . Top panel: when the ground state is the doublet, the bound state energy increases with B (green arrow). The transition between the two spin-polarized states is not visible by tunneling spectroscopy (red arrow). tion from the singlet ground state to a spin-polarized state [49, 128] . This transition represents a parity crossing and appears as a zero-bias peak at the critical field ( Fig. 2 (g) ). While the transition is a true crossing, the peak can persist at V = 0 for a wider range of B owing to the broadening of ABS resonances or to repulsion with other states or the gap edge [49, 128, 141] .
In addition to the above ABS spectroscopy, the physics of a hybrid QD can also be captured by measurements of the Josephson supercurrent in a S-QD-S geometry [142] [143] [144] [145] .
III. LOW-DENSITY NANOWIRES AND MBSs
A. ABSs in trivial SNS junctions with SO coupling and Zeeman field
As the Fermi energy µ of the nanowire is reduced (low density junction), it may become comparable to other energy scales in the problem, such as the SO energy E SO or the Zeeman energy V Z at the junction, or the gap ∆ of the SCs at either side, see Box Figure 7 . The Andreev reflection at a low-density NS interface, where µ ∆, deviates considerably from the standard picture described in Sec. II A. Figure 3 (a-c) shows the typical dependence of R A with energy for a single channel contact when both N and SC sides have a common Fermi energy, SO coupling and Zeeman. Similarly, the Andreev spectrum of the corresponding low-density SNS nanowire junction is no longer well described by the conventional Eq. (2), even in the short junction limit, see Fig. 3 (e-g). Note in particular that the parity crossing present at φ = π in high-density transparent junctions becomes an anticrossing in the low-density regime even at T N = 1.
In realistic low-density SNS nanowire junctions the situation is further complicated by the fact that α and V Z are largely confined to the normal nanowire, whose Fermi energy µ N also differs strongly from that of the SC contacts µ S . The corresponding bandstructures will thus exhibit a strong Fermi momentum mismatch, which reduces Andreev reflection and affects the resulting ABS spectrum. In a nominally perfect, single mode SNS junction of nanowire length L N with V Z = 0, Eq. (2) can be generalized to [146] 
captures the effect of momentum mismatch acting as an effective barrier at each interface, with a transmission T N = 1 1+κ sin 2 (k0L N ) that is smaller than 1, except at resonant values of the nanowire length k 0 L N = nπ, n ∈ Z. Here the SC and N Fermi wavevectors are k S,N F = 2m * µ S,N / , and
This k 0 depends also on the SO momentum k SO = m * α/ 2 , that captures the momentum band shift of the two spin sectors in the nanowire (see Box 1) . E(ϕ) of Eq. (3) remains doubly degenerate for all ϕ despite the shift k SO of the two spin sectors; electron-hole pairs can still form in a similar manner as for a spin-degenerate single parabolic dispersion, see Fig.  7 .
In the absence of a Zeeman field, spin splitting of the ABS spectrum can be achieved in a two-subband model with intersubband coupling. Specifically, mixing between the two lowest transverse subbands produces a spin-dependent Fermi velocity v ↑ F = v ↓ F , and hence coherence lengths ξ i = v i F ∆ , which leads to spin-dependent quantization conditions according to Eq. (1). In this situation, the ABSs can be written as [147] 
with λ i = L N /ξ i . The spin splitting between ABSs reads
.
(5) This phase-dependent spin splitting is finite for ϕ = 0, π, and comes from the difference in coherence lengths and Fermi velocities. Spin-degeneracy at ϕ = 0 and ϕ = π is protected by time-reversal symmetry. The combined effect of Zeeman and SO coupling on the Andreev level spectra of single channel nanowires has been studied in Ref. [62, 148] . Among others, an important consequence of the interplay of V Z and α is the strong suppression of the g-factor owing to SO coupling and/or high electron density. This g-factor renormalization drastically changes the spin splitting of Andreev levels for increasing magnetic fields.
The more general theory of ABS formation outlined above has been applied to recent experiments that employed circuit QED techniques to demonstrate the phasedependent Andreev level splitting due to Rashba SO coupling [47] in InAs nanowires, see Fig. 1 bottom-central panel. Time-resolved measurements have further enabled single-shot spin readout in the same material system [149] , yielding spin-flip timescales of the order of 10µs.
B. Emergence of MBSs
In Fig. 3 (e-g) we have illustrated the strong effect of SO coupling and Zeeman fields in the ABS spectrum of a low-density SNS nanowire junction. When the SC contacts are taken as low-density proximitized nanowires, the Oreg-Lutchyn minimal model predicts that a sufficiently strong V Z > V c Z will make them undergo a topological phase transition, with MBSs at each interface. Their presence results in a topologically protected R A = 1 Andreev reflection amplitude at E = 0, see Fig.  3 (d) , and a protected φ = π parity crossing for all transparencies, (h). The parity crossing is robust regardless of the microscopic channel configuration of the junction, and ideally gives rise to the topological Josephson effect, characterized by 4π-periodic supercurrents as a function of ϕ at fixed parity [31, 40, 41, 150] . Figure 4 shows a complementary picture of the topological transition in a low-density, isolated ISI uniform nanowire of length L (where I stands for 'insulator'), both in the long (a-c) and short (d-f) nanowire regime. As V Z > V c Z , a MBS appears localized at each end of the SC region, with zero energy in the large L limit, or with characteristic Majorana oscillations around zero for shorter L, resulting from their hybridization into conventional fermions due to their finite overlap. The low- est energy state clearly traces the topological phase diagram for large L. It is interesting to note the role of finite L in the topological Josephson effect (panels g,h). Due to the overlap of the MBSs in the junction and the 'outer' MBSs at the opposite ends of the nanowires, the 4π Josephson periodicity is destroyed under an adiabatic ϕ(t), and a non-topological 2π-periodic Josephson effect is restored [151] [152] [153] . A similar effect is expected from quasiparticle poisoning (exchange of quasiparticles with the junction's environment which breaks parity conservation) and by higher-energy quasiparticle excitation [153] .
The role of SO coupling is crucial for the physics of MBSs. For α = 0 and V Z larger than ∆ the spectrum is gapless (the magnetic field just kills superconductivity), so that no localized MBSs emerge, while for V Z < ∆ the system has a gap. The addition of SO coupling radically transforms this picture, and enables a topological minigap to emerge at V Z > V c Z . The minigap can be shown to be effectively p-wave, and hence topologically non-trivial. The Majorana zero modes at the ends of a V Z > V c Z nanowire are in fact a manifestation of the bulkboundary correspondence of this topological gap. They are thus topologically protected states. The extension of the Majorana wavefunction is the coherence length corresponding to the minigap (also known as the Majorana length ξ M ) and is hence smaller for stronger SO coupling. The Majorana oscillatory hybridization is thus exponentially suppressed by both a strong SO (minigap) and nanowire length. In both limits, an exact Majorana topological protected zero mode is recovered at each end of the nanowire.
C. MBS spectroscopy
The Majorana zero mode can be experimentally probed by using similar techniques as for ABSs. In particular, tunneling spectroscopy has been performed extensively in nanowires. A typical nanowire device used in experiments is presented in Fig. 5 (a,b) . It consists of a semiconductor nanowire (gray) which is partially covered by a SC (green). This section of the nanowire acquires superconducting correlations due to the proximity effect. The superconducting wire is connected to a normal metal lead (yellow) via an NS-junction. The transparency of the junction is controlled by a local tunnel gate (red), while the chemical potential of the superconducting wire is tuned by the depletion gate (purple). In the tunneling limit, the conductance through the junction is a direct measure of the local density of states at the end of the hybrid nanowire, which should therefore exhibit a prominent peak at zero bias in the presence of a MBS.
Since initial reports of robust zero energy states measured in hybrid SC-semiconductor nanowire systems, several groups have employed this type of set-up to find robust zero energy states as the magnetic field is increased beyond a critical value [45, 99, 102, 141, [154] [155] [156] , see Fig. 5 (c) . Additionally, recent works have also demonstrated that the peak conductance value can be quantized at the theoretical value of 2e 2 /h ( Fig. 5 (d) ), further solidifying this feature as a hallmark of Majorana physics.
Apart from tunneling spectroscopy measurements, in order to detect MBSs one can also explore dynamical detection techniques in SNS junctions. In Sec. II A we discussed the ABS spectrum and concluded that in a finitetransparency, high-density, short junction, they exhibit an avoided crossing at ϕ = π, while in Sec. III B we saw that in the topological phase, E(ϕ) has a protected crossing at π, leading to the 4π-periodic Josephson effect. At first glance, a tempting experimental detection of the topological Josephson junction is to directly measure the gapless nature of the ABSs, E(ϕ), or the corresponding current-phase relation, I S (ϕ) ∼ dE(ϕ)/dϕ. However, as mentioned in the preceding section, in a fi-nite length system of length L, the overlap between the 'inner' and 'outer' Majorana wavefunctions restores the avoided crossing with an energy scale ∼ exp(−L M /ξ) for a Majorana coherence length of ξ M [151] [152] [153] . In addition, the tunneling of unpaired non-equilibrium quasiparticles enables relaxation to the parity ground state, resulting in a trivial, 2π-periodic behavior on timescales much longer than the parity poisoning time of the system [40, 157] .
Therefore, the experimental detection efforts of the 4π-periodic Andreev levels focused on dynamical detection techniques based on the ac Josephson effect [114] , which links the frequency f of the oscillating supercurrent I s (t) = I C sin (2πf t) to the voltage bias V over the junction with f /V = 2e/h ≈ 486 MHz/µV for conventional Josephson junctions [158] . Note that the superconducting flux quantum is Φ 0 = h/2e, consequently for the 4π-periodic Josephson effect f /V = e/h holds, resulting in a frequency halving with respect to the conventional case.
This transition can manifest in Shapiro step measurements [159] when the junction is irradiated at a frequency f in the microwave domain, and the dc I(V ) characteristics develops discrete voltage steps with a spacing of V 2π = hf /2e and V 4π = hf /e for the trivial and topological state, respectively [157, 160, 161] . While the dis- appearance of the first voltage step was repeatedly observed, higher odd steps typically persist in experiments [162, 163] . However, the interpretation of the measurements has to include the deviations from the tunnel junction behavior, such as non-sinusoidal supercurrent [160] , overheating effects [164, 165] , Landau-Zener tunneling between the Andreev bands and to the quasiparticle continuum [152, 161] . Furthermore, the addition of several non-topological ABSs has a non-trivial effect on the observed Shapiro steps [160, 166] .
Another class of experiments rely on the direct spectroscopical detection of the Josephson radiation of voltagebiased junctions, which is expected to be centered at f 2π = 2eV /h or at f 4π = eV /h [153] . This transition has been observed in InAs/Al nanowire Josephson junctions integrated with an on-chip SIS microwave detector [167] , and by using a conventional microwave amplifier chain [163] .
It is to be noted that additional measurement schemes were proposed to observe the 4π-periodic Josephson effects as a probe for topological superconductivity. These utilize Shapiro steps in the low-frequency regime [161] , Andreev level pair excitations in long junctions [168] , critical current measurements [169] [170] [171] , and the shape of switching current histograms [172] , respectively.
IV. MBSs BEYOND THE MINIMAL MODEL
A. Extensions of the minimal model
The minimal Oreg-Lutchyn model has proven to be a first useful guide to investigate the physics of Majorana nanowires. However, discrepancies between its predictions and experimental observations have motivated extensions that provide a more complete understanding of the experimental system. A natural extension of the 1D single band model is to allow for multiple subbands in the nanowire [54] [55] [56] [57] . This leads to a more complicated phase diagram, depending on the number of occupied bands and their relative energies. Additionally, the orbital effects of the magnetic field may become relevant, especially when the number of occupied subbands is increased [173] . The orbital effect has been shown to dramatically alter the topological phase diagram [68] (see Fig. 6 (b) ) and the dispersion of states in the nanowire, leading to large effective g-factors and suppressed topological gaps. Although numerical simulations of multiband can shed additional light on the experimental results, they tend to depend more strongly on details such as the geometry and effective parameter values which are not always experimentally accessible.
While initial experiments generally suffered from unwanted quasiparticle states inside the superconducting gap (referred to as "soft gap" [45, 68, 174] , see Fig. 6 (c) ), clean superconducting gaps comparable to the bulk gap of the parent SC have since been achieved [101, 121] by engineering epitaxial interfaces between the two material systems [175, 176] . Both the "soft gap" issue [71] and the large gaps measured in later experiments ignited interest in a more complete description of the superconducting proximity effect in these systems. This includes pair breaking effects that suppress superconductivity beyond a critical value of the magnetic field, or a more accurate model of the induced pairing in the form of an energydependent anomalous self-energy. The latter extends the regime of weak coupling between the semiconductor and the SC, wherein the induced superconducting gap is simply proportional to the coupling strength between the two systems. It was found that in the opposite, strong coupling regime, the band structure of the nanowire is significantly altered, resulting in a strong renormalization of model parameters [58] . It has also been demonstrated that the proximity effect can strongly depend on the thickness of the SC film [59, 63] . The SC-semiconductor coupling has furthermore been found to depend on the details of the electrostatic environment [60, 66] , resulting in gate voltage dependent effective parameters such as the g-factor [61] and the induced gap [67] .
Another notable disagreement between most experiments and the minimal model revolves around Majorana oscillations. The oscillatory energy splittings are predicted to be regular and grow with Zeeman field [69, 177, 178] , while in most experiments robust zerobias peaks appear without oscillations [99, 101] . Several model extensions have been explored that predict a reduction or suppression of oscillation, such as interactions with a dielectric environment or among carriers [65, 177, 179] , orbital effects [180] , dissipation [79, 181, 182] or non-uniform pairing [72] . A further common disagreement is a lack of visible bandgap-closing and reopening in some experiments [45, 61, 99] , which is a key feature of the model's topological transition. This has been explained as the result of poor visibility resulting from tunnel probe smoothness [69, 183] and even by a lack of bulk transition altogether [184] , as will be discussed in Sec. IV B.
The topological phase transitions in these extended models are generally calculated using the chemical potential µ and the Zeeman energy V Z . However, the control parameters used in experiments are gate voltages and magnetic fields. Calculating the phase diagram in terms of gate voltages requires a self-consistent treatment of the electrostatics [64] . While some progress has been made in self-consistent Schrödinger-Poisson calculation for 3D device geometries [68, 179, 185] [see Fig. 6 (a) ], this remains a difficult problem to solve reliably. In addition to electrostatic modifications of the phase diagram, interaction effects have been demonstrated to play a role in the low energy spectrum of Majorana nanowires [65, 179] .
An immediate effect of a self-consistent description of nanowire junctions, both for electrostatics and the proximity effect, is a smoothening of the pairing and Fermi energy profiles [69] , which can no longer be assumed piecewise-constant as in the minimal model. Smooth ∆(r), µ(r) at a junction have been shown to give rise to near-zero modes without the need of a topological bulk. In the next subsections we discuss the emergence of these and other types of zero modes unrelated to topology, their connection to topological MBSs and their possible role in experiments.
B. Majorana zero modes with a topologically trivial bulk
The combination of multiband wires with disorder has been shown [178, 186, 187] to produce topologically trivial zero energy states. Since the advent of cleaner experiments, it has become possible to distinguish disorderbased mechanisms from zero bias peaks of topological origin, as the former are associated to specific observable features (e.g. soft gap, low transport peak heights) that have been optimized away.
Near-zero bound states can also be generically present in a tunneling spectroscopy nanowire setup if there is a non-superconducting section between the tunnel barrier and the superconducting wire [63, 69, 73-75, 78-80, 188] [ Fig. 6 (d) ]. Such a N region can host ABSs that become spin-polarized under a Zeeman field and may thus be tuned to zero energy, much like the Shiba states, possibly with a strongly renormalized g-factor due to SO coupling [62] . In the simplest situation, these are readily distinguished because their zero energy is a matter of fine tuning parameters such as B to specific values, unlike the case of topological MBSs. Under some circumstances, however, these modes can become pinned to zero or near-zero energy for an extended range in magnetic field and other control parameters, resembling the behavior expected from MBSs, but with the SC in the topologically trivial phase [69] [70] [71] [73] [74] [75] [76] [77] [78] [79] [80] . This type of zero mode has been dubbed a quasi-MBS, pseudo-MBS, partially separated MBS, etc. In what follows we call them non-topological MBSs to emphasize the fact that they satisfy the Majorana self-conjugate property. This is guaranteed by virtue of their zero energy. This implies the degeneracy of the ABS and its conjugate, which allows them to be rotated into the self-conjugate Majorana basis while remaining eigenstates, see Box 2. These particular MBSs do not arise as a result of a topological bulk in the band-topology sense. They have been shown, however, to mimic much of the phenomenology of topological MBSs [77] [78] [79] [80] .
In the case of isolated NS nanowire junctions, we can distinguish two main mechanisms for zero-energy pinning of a non-topological MBS: smooth confinement [74, [77] [78] [79] 189] and SO-induced pinning [75] . Both effects ultimately cause an enhanced Andreev reflection of a normal electron on the trivial SC. In the case of a junction with spatially smooth parameters, the momentum transfer required for normal reflection at the junction is suppressed, and hence Andreev reflection dominates. Under these conditions, states at the junctions decouple into two sectors around different Fermi wavevector and spin (due to the SO coupling and the Zeeman field) [70, 74, 78] , each of which behaves as an independent topological p-wave SC that gives rise to a zero-energy MBS decoupled from its partner. The Majorana wavefunction corresponding to the two wavevectors are centered at different positions in space and exhibit different spatial profiles (oscillatory exponential and smooth gaussian, respectively [74, 80] ), see Fig. 6 (e) .
A similar pinning effect can be caused by SO coupling. For large SO, the effective g-factor is strongly renormalized and ABSs can become largely insensitive to magnetic fields [62] . When the length of the N section is further tuned to an approximately odd-integer multiple of the SO length, an ABS will appear pinned near zero energy [75] . This SO-induced pinning does not require junction smoothness, but the above Fabry-Perot resonance condition on length must be satisfied.
A third route towards stabilising zero modes belonging to a nominally trivial bulk has been proposed in topologically trivial nanowires open to fermion reservoirs (which is a standard geometry in NS junctions used to perform transport spectroscopy). When such a nanowire becomes coupled to the reservoir, it can develop an 'exceptional point' bifurcation in its complex (non-Hermitian) spectrum, see Fig. 6 (f) , where the real part of the lowest quasibound Bogoliubov mode becomes robustly pinned to zero energy as the imaginary part bifurcates. Such non-Hermitian topological transition stabilizes a couple of quasibound states at the contact with different decay rates. One of the two becomes essentially non-decaying after the exceptional point bifurcation, thus becoming a stable Majorana zero mode without the need of a bulk topological transition. While the microscopic mechanism leading to coupling asymmetry, and hence to an exceptional point bifurcation, is not universal (sources of asymmetry include finite length [79, 190] , smooth potentials [79] , spin-polarized leads [84] , etc), the physical consequences and underlying mathematical structure are [79] . Research into Majorana states in open systems for quantum computation purposes is still in its early stages. The field is advancing rapidly, however, with e.g. new non-Hermitian topological classification theories being developed recently [191] [192] [193] [194] that extend bandtopological concepts to open systems where these do not strictly apply.
Smooth junctions and coupling to reservoirs are a common occurrence in experiments. While ideal tunnel barriers are often assumed in calculations, actual tunneling spectroscopy experiments involve screened electrostatic potentials, smooth on the scale of the Fermi wavelength, that are used to create barriers for electronic transport (Fig. 5(b) ). A considerable number of exper-iments exhibiting signatures of zero energy states are consistent with this picture of Majorana modes with a trivial bulk. One characteristic feature of the smoothlyconfined MBS's evolution with Zeeman field is that the zero mode does not emerge from a band inversion at a critical V c Z [69, 195] (there is no bulk topological transition involved), but appears instead to evolve smoothly from a lone ABS that detaches from the continuum as V Z increases, and is gradually pinned to zero, see Fig. 6  (d) . This telltale feature is often seen in experiments, see e.g. Fig. 5 , and should be taken as a strong hint that the zero mode might be a Majorana without an underlying bulk topological transition.
C. Protection against errors and MBS overlaps
Topological quantum computation was proposed as a way to achieve scalability through the hardware-level resilience of Majorana-based qubits. The Majorana qubit is defined in terms of the occupation of non-local fermion states such as c = γ 1 + iγ 2 [31] , see Box 2. The original promise of these qubits stems from a basic idea: the wavefunction of the MBS γ 1 has exponentially small overlap with its partner γ 2 at the other edge of the wire for increasing nanowire length. In principle, such non-locality leads to exponentially suppressed susceptibility of the Majorana qubit to arbitrary local electrostatic noise.
As efforts develop towards realising this promise, different error-inducing mechanisms have been identified and studied for topological MBS qubits, such as those created by a coupling to ungapped [86] or gapped [85, 87] fermionic baths, as well as to fluctuating bosonic fields [92] (e.g., phonons [95, 98] , photons [88, 90, 93] , thermal fluctuations of a gate potential [89, 96, 97] , or electromagnetic environments [95] ). While these are often controlled by wavefunction overlap, one needs also to consider the errors induced by qubit manipulation, such as unwanted excitations created by nonadiabatic manipulation [91, 94] , which are largely controlled by the superconducting minigap.
Given the likely ubiquity of non-topological MBSs in realistic devices, particularly when including QDs as basic elements of many proposed schemes for topological quantum computing [105, [196] [197] [198] , it has become important to understand whether the protection of topological MBSs applies in some form also to non-topological MBSs. In contrast to topological MBSs, pairs of nontopological MBSs typically occupy the same neighbourhood of the N region or the junction, so that they usually have partially overlapping wavefunctions. Due to their specific profiles, however, their overlap can be quite small in practice, and even be comparable or smaller than that of topological MBSs in nanowires of realistic length [74] . In such finite nanowires, non-topological and topological MBSs are in fact continuously connected. Given the same degree of wavefunction spatial overlap between two non-topological and two topological MBSs in a finite (x). We again consider a simple profile that between a left side and a right side. The left side is al in this case, with N = 0, so that the nanowire ooth NS interface centered at x = L N ,
el is relevant to many devices explored in recent . Nanowires are often made superconducting by epitaxial superconductor on their surface. Often, coverage of the nanowire is incomplete, so it assume a suppressed pairing in the exposed results is many subgap levels (unlike the S ′ S case, where only a lone level, detached from the quasicontinuum appears). A finite B field Zeeman splits all these subgap levels that evolve, avoiding each other due to spin-orbit coupling. This is true for all except the lowest two excitations (blue), which converge to zero energy with a finite slope at low B fields [48] (this is unlike in the S ′ S case, where the lone detached level starts off flat at B = 0) [69] . Despite the superficial resemblance to Zeeman-induced parity crossings in quantum dots [6, 69] (see Fig. 6 ), near-perfect Andreev reflection of N electrons on the smooth NS interface stabilises this low-lying subgap level near zero energy for B > δϵ, but still well before B S c .
ooth NS nanowires. Equivalent to Figs. 2 and 3, with identical model and sampling parameters as in the latter, except for a N = 0 on the left side and finite S = 0.5 meV on the right side of the smooth junction. Note the similar wave functions of the on Majoranas as compared to the S ′ S case of Fig. 3 .
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Andreev bound states (ABSs) in hybrid semiconductor-superconductor nanowires can have nearero energy in parameter regions where band topology predicts trivial phases. This surprising fact as been used to challenge the interpretation of a number of transport experiments in terms of nonrivial topology with Majorana zero modes (MZMs). We show that this ongoing ABS versus MZM ontroversy is fully clarified when framed in the language of non-Hermitian topology, the natural escription for open quantum systems. This change of paradigm allows us to understand topological ransitions and the emergence of pairs of zero modes more broadly, in terms of exceptional point EP) bifurcations of system eigenvalue pairs in the complex plane. Within this framework, we show hat some zero energy ABSs are actually non-trivial, and share all the properties of conventional ZMs, such as the recently observed 2e 2 /h conductance quantization. From this point of view, ny distinction between such ABS zero modes and conventional MZMs becomes artificial. The key eature that underlies their common non-trivial properties is an asymmetric coupling of Majorana omponents to the reservoir, which triggers the EP bifurcation.
n-Since the remarkable prediction [1, 2] d semiconductor-superconductor nanowire into a topological superconductor phase [3] , there have been a number of papers erimental data in the form of a zero-bias A) in the di↵erential conductance (dI/dV ) Zeeman fields [4] [5] [6] [7] [8] [9] [10] . This behavior is conunneling into a MZM that emerges after the goes a topological phase transition. rana interpretation has recently been chaln alternative explanation in terms of ABSs o energy in the topological trivial phase, eeman fields smaller than the critical field band topology B < B c , reproduces all the nomenology in transport. Following early hat proved that smooth confinement potenly lead to near-zero energy ABSs [11, 12] , a pers [13] [14] [15] [16] [17] [18] have reported numerical obt systematically demonstrate that, indeed, trivial regime mimic Majoranas. This nagsus-MZM question is compounded by the ation of 2e 2 /h conductance quantization an be also reproduced by ABSs [16] , and ered a serious objection in the field. er, we argue that the above question is ill s the result of a viewpoint, that of band y truly applicable to semi-infinite systems. t a more general framework, relevant to the setup and rigorously well defined for finite ws us to precisely distinguish trivial from ro modes. Among the latter are the MZMs ional band topology theory, but also a large subset of ABSs zero modes. From this point of view both kinds of states are really one and the same, which explains why they cannot be distinguished. The key idea to understand this claim is to realize that, instead of conventional band topology, the natural language to describe a normal-superconductor (NS) junction, the geometry relevant to transport experiments, is that of open quantum systems. In particular, we consider the non-Hermitian topology defined in terms of the complex poles ✏ p of the retarded Green's function (or, equivalently, of the scat-in fabricating semiconductor-superconductor heterostructures. In the first generation of experiments [49] [50] [51] [52] [53] [54] the superconductor was deposited ex situ , which required removing the native oxide forming on the semiconductor's surface due to air exposure. In the second generation of experiments the thin aluminum shell [56] is deposited epitaxially and is thus grown on pristine SM facets without breaking the vacuum; see Fig. 1 . Tunneling spectroscopy measurements of the induced superconducting gap [55, 60, 62, 64, 68] in such samples exhibit a large induced gap (i.e., close to the bulk gap of the superconductor), which indicates that the improved epitaxial interfaces are characterized by a strong hybridization of the states in the semiconductor and superconductor. In this strong tunneling regime, many physical parameters such as the g factor and spin-orbit coupling are strongly renormalized due to the hybridization. In order to quantitatively understand the hybridization and its implications on the band structure as well as other physical properties, one has to consider the band offset at the superconductor-semiconductor interface.
Depending on the sign of the band offset, one can have either a Schottky barrier or an accumulation layer [70] [71] [72] [73] . Based on preliminary angle-resolved photoemission spectroscopy studies [74] , one finds that the band offset for epitaxially grown InAs=Al heterostructures is −ð200-300Þ meV, supporting the accumulation layer scenario. Proper theoretical treatment of the strong-coupling regime is also necessary to understand how external gates affect the electronic state, and in particular the topological nature, of SM-SC heterostructures. Furthermore, recent proposals for realizing scalable architectures for topological quantum computation with MZMs rely on fine electrostatic control [75] [76] [77] [78] [79] . Thus, understanding the effect of electric fields on the low-energy properties of the proximitized nanowires is critical both for the interpretation of the existing Majorana experiments [57, 60, 62, 64, 68] as well as for the optimization of proposed Majorana devices [9] .
In order to understand the physical properties of the proximitized nanowires, one needs to solve the electrostatic and quantum-mechanical problems self-consistently, i.e., perform Schrödinger-Poisson (SP) calculations. Compared to the case of purely semiconducting heterostructures [80] [81] [82] , the problem at hand is much more challenging technically because it involves disparate materials with very different effective masses, Fermi energies, g factors, etc. (see Table I ). In other words, the standard numerical tools based on the continuum mass approximation cannot be applied to semiconductor-superconductor hybrid systems. Therefore, modeling of the semiconductor-superconductor hybrid structures requires developing numerical techniques which can effectively take into account different length scales in the semiconductor and superconductor.
Previous effective models for superconductorsemiconductor hybrids [87] [88] [89] [90] [91] [92] do not properly describe the experimental system and provide only qualitative predictions for the electric field dependence. These models rely on independent phenomenological parameters such effective masses, spin-orbit couplings, g factors, as well as tunneling strength between semiconductor and superconductor. While this approach may be suitable for the weak tunneling regime, naive extensions of such models to the strong-coupling limit are inadequate. This is because the electric field applied to the semiconductor can drastically change the electrons' confinement, i.e., push or pull electron density in the semiconductor to or away from the interface. This in turn strongly affects physical parameters of the system, including, as we will see, the tunneling rate, effective spin-orbit coupling, g factor, as well as induced superconducting gap.
More advanced models have been introduced recently [93-97] which treat the effects of an electric field within some effective models where the superconductor is taken into account via boundary conditions. This approach, while being computationally advantageous, does not take into account the effects arising from the redistribution of the wave function between the semiconductor and the superconductor. In this work, we treat the superconducting and semiconducting degrees of freedom explicitly on the same footing. Using an adaptive discretization algorithm for the SM and SC components, we develop an effective model which is computationally tractable and allows us to adequately capture the effect of the gate-induced electric field on the heterostructure. unnecessary for the purpose of simply estimating the number of cross-sectional modes. We perform this calculation in COMSOL and obtain eigenstates using the KWANT package [104] . Our results are summarized in Fig. 3 , where we show the density for all occupied modes below the Fermi energy. This calculation does not explicitly treat the aluminum We now switch to the slab model, which explicitly treats the superconducting Al shell. We self-consistently solve the coupled Schrödinger-Poisson equations for three different values of V g to obtain the electrostatic potential ϕðzÞ and the density nðzÞ, respectively, shown in Figs. 4(a) and 4(b). Since the Al shell is taken to be metallic with an extremely short screening length, the electrostatic potential is assumed to be constant throughout the Al. The dashed 
031041-5
a for large negative gate voltage. In general, not taking orbital effect into account leads often to magnetic fields, at which the topological phase transitions, being large compared to experiments.
Turning the orbital effect on in Fig. 11(b) changes the shapes of the phase boundaries dramatically. For small negative gate voltages the phase diagram is dominated by the orbital effect of magnetic field. This becomes apparent due to the small magnetic fields at which the topological transition occur and the very nonparabolic shape of the phase boundaries. In this regime one often finds two topological regions emerging close in gate voltage at similar magnetic fields, that separate from each other, one drifting to larger gate voltages and the other to smaller gate voltages. These result from two subbands that are near angular momentum eigenstates, with approximately opposite angular momentum [38] . One of the density, which is a result of the large band-offset of InAs/Al and the accumulation layer resulting in about ten occupied subbands in InAs. High subbands have high orbital quantum numbers coupling strongly to magnetic field [38] . At large negative gate voltage the orbital effect is suppressed and the phase boundaries look closer to the ones without orbital effect, although the influence of the orbital effect is still strongly present.
From Fig. 11(b) it becomes apparent that only topological phases with appreciable negative back-gate voltage have a sizable topological gap. We find that the maximum topological gap is only slightly larger than 20 µeV. While this seems like a small value we emphasize that it is proportional to the strength of the Rashba spin-orbit coupling. In our calculation, the value of spin-orbit coupling is conservative since we take only electrostatic origin of spin-orbit coupling into account. The value of α we obtain from Eq. (10) is typically about 10 meV nm, whereas experiments report values in the range of 10 to 30 meV nm [90, 91] which would result in a significantly larger topological gap.
D. Effect of broken mirror symmetry in the two-facet device
In terms of symmetries, the most significant difference between the three-and two-facet devices is the vertical mirror symmetry in the (y, z)-plane M yz . Additionally considering the particle-hole symmetry P H (k)P −1 = −H * (−k), P 2 = +1, which protects the MZMs, and the time-reversal symmetry T H (k)T −1 = H * (−k), T 2 = −1 it can be shown that the combination of the three symmetries create a chiral symmetry
( 1 1 ) that survives at finite magnetic field parallel to the (y, z) mirror plane. For the specific case of our Hamiltonian Eq. (6) the chiral symmetry is given by
being the real-space reflection operator taking x to −x]. Note that the Rashba term α x breaks this chiral symmetry. One particular consequence of the chiral and particle-hole symmetry is that the band structure is line-reflection symmetric around the k = 0 and E = 0 axes, see Fig. 12(a) . In the two-facet device the chiral symmetry is broken because of the missing mirror symmetry M yz . Therefore, the band structure is only point-inversion symmetric around the (E = 0, k = 0) point, as dictated by the particle-hole symmetry. At finite B this generically leads to a tilting of the band structure 245408-9 for large negative gate voltage. In general, not taking orbital effect into account leads often to magnetic fields, at which the topological phase transitions, being large compared to experiments.
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This model is relevant to many devices explored in recent periments. Nanowires are often made superconducting by owing an epitaxial superconductor on their surface. Often, epitaxial coverage of the nanowire is incomplete, so it natural to assume a suppressed pairing in the exposed region. Depending on the normal length L N , their level spacing δϵ can be much smaller than the induced gap , which results is many subgap levels (unlike the S ′ S case, where only a lone level, detached from the quasicontinuum appears). A finite B field Zeeman splits all these subgap levels that evolve, avoiding each other due to spin-orbit coupling. This is true for all except the lowest two excitations (blue), which converge to zero energy with a finite slope at low B fields [48] (this is unlike in the S ′ S case, where the lone detached level starts off flat at B = 0) [69] . Despite the superficial resemblance to Zeeman-induced parity crossings in quantum dots [6, 69] (see Fig. 6 ), near-perfect Andreev reflection of N electrons on the smooth NS interface stabilises this low-lying subgap level near zero energy for B > δϵ, but still well before B S c . 
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This model is relevant to many devices explored in recent periments. Nanowires are often made superconducting by wing an epitaxial superconductor on their surface. Often, epitaxial coverage of the nanowire is incomplete, so it natural to assume a suppressed pairing in the exposed region. Depending on the normal length L N , their level spacing δϵ can be much smaller than the induced gap , which results is many subgap levels (unlike the S ′ S case, where only a lone level, detached from the quasicontinuum appears). A finite B field Zeeman splits all these subgap levels that evolve, avoiding each other due to spin-orbit coupling. This is true for all except the lowest two excitations (blue), which converge to zero energy with a finite slope at low B fields [48] (this is unlike in the S ′ S case, where the lone detached level starts off flat at B = 0) [69] . Despite the superficial resemblance to Zeeman-induced parity crossings in quantum dots [6, 69] (see Fig. 6 ), near-perfect Andreev reflection of N electrons on the smooth NS interface stabilises this low-lying subgap level near zero energy for B > δϵ, but still well before B S c . 20 is α = 20 meV nm, with SO length LSO =h 2 /(mα) = 200 nm = 1.4L . 21 Scales. A localized MBS is formed at the boundary of a trivially gapped and a TS portion of the wire. At a point x the wire will be in the TS phase if (x) > 0 and
The asymptotic value of the critical field is the proper (bulk) critical field Bc. Apart from Bc, several other Zeeman scales dictate the junction's transport properties. The first one is the TS critical field in the depleted part of the superconducting wire, B d c ≡ (µ − Ud ) 2 + 2 , which is smaller than Bc, as is the purpose of the depletion gate. It should be noted, however, that the depleted S d region has a finite length, which crucially affects Majorana modes for B d c < B < Bc, as discussed later, while the S portion is assumed infinite. Second, there is the field above which the normal side of the wire becomes a helical liquid (momentum and spin become correlated). In the NS d S case (normal side not depleted), this is Bh ≡ µ, which is typically slightly smaller than Bc, but bigger than both B d c and the corresponding helical field in the N d S d S case, namely,
Finally, there is the superconducting gap itself, B ≡ , whose significance will become clear later. All these scales ( Here, N is the number of propagating channels in the normal side at energy ϵ = V , and ree and reh are their normal and Andreev reflection matrices. These matrices can be computed in a number of ways. The most flexible is the recursive Nambu Green's function approach, employed here (for full details, see Ref. 23) .
Before considering the effect of U (x), we show the transport phase diagram [see Fig. 1(c) ] in the simple NS transparent limit, i.e., in a regime where the concepts of MBSs and ZBAs no longer hold. We observe different transport regions in the B-V plane characterized by an integer dI/dV ≈ ne 2 /h, with n = 0,1,2,3,4. Such is the case of Cooper pair transport (region I, n = 4) or single quasiparticle transport (region III, n = 2). The latter is a TS regime, whose topology becomes evident in the dI/dV despite the fact that the associated Majorana fermion is completely smeared out due to the gapless spectrum for x < 0. [24] [25] [26] [27] Between these two regions, the helical regime is characterized by a fully suppressed zero-bias conductance (region II, n = 0). These results extend the concept of half-integer conductance quantization 24 beyond linear response.
We now consider the N d S d S junction with the full U (x). Its dI/dV response (with LSO = 1.4L ) is plotted in Fig. 2 . Different panels cover different ratios LNd /L and LSd /L . The tunnel barrier Up is tuned in each case to yield spectroscopic resolution in the transport response. A wide range of behaviors becomes apparent, which reflects the local density of states (DOS) at the pinch-off gate. The most paradigmatic one is probably the one in the top-left panel. It reflects the closing of the effective superconducting gap (marked by the gap-edge The asymptotic value of the critical field is the proper (bu critical field B c . Apart from B c , several other Zeeman sca dictate the junction's transport properties. The first one is TS critical field in the depleted part of the superconduct wire, B d c ≡ (µ − U d ) 2 + 2 , which is smaller than B c , a the purpose of the depletion gate. It should be noted, howe that the depleted S d region has a finite length, which crucia affects Majorana modes for B d c < B < B c , as discussed la while the S portion is assumed infinite. Second, there is field above which the normal side of the wire become helical liquid (momentum and spin become correlated). In Illustrative examples beyond the minimal model. (a) Electrostatic computations considering the three dimensionality of the nanowires and the environment have been performed to characterize the detailed charge and electrostatic potential inside a proximitized nanowire [64] . (b) Orbital effects due to magnetic flux along the nanowire dramatically alters the topological phase diagram [68] [compare to Fig. 4(c) ]. (c) Analysis of the effect of contact disorder on the proximity effect. While for low disorder the proximity induced gap is hard (bottom panel), increasing the disorder in the SC-nanowire interface yields a proximity effect with a soft gap (top panel) [68] . (d) A normal region in a proximitized nanowire, together with smooth (screened) confinement potentials and pairing can explain the emergence of non-topological MBSs in the trivial VZ < V c Z phase, a reduced visibility of the band inversion at the critical VZ = V c Z and the appearance of additional finiteenergy subgap states [69] . (e) The wavefunction of non-topological MBSs exhibit partial overlaps and different (fast and slow) wavevector components [74] . (f) Opening a (trivial or topological) nanowire to a fermionic reservoir may induce a decoupling of two Majorana quasi-bound states (blue and purple), which then acquire distinct decay rates Γ± just as their (real) energy becomes pinned to zero (this is known as an exceptional point bifurcation). One of the two eventually yields a Majorana dark state at perfect transparency [79] .
nanowire (see Ref. 74 for precise overlap definitions), all relevant observables, including conductance quantisation and qubit decoherence rates under generic noise will be the same. In the context of Majorana qubits, therefore, the susceptibility to noise is controlled by the degree of Majorana wavefunction overlap, as well as the effective gap between these zero modes and other possible subgap ABSs, rather than the topological or trivial origin of the corresponding MBS (a nominally topological nanowire may have large Majorana overlaps for L ∼ ξ). However, we note that for finite overlaps, the resilience of different types of MBSs to perturbations can differ strongly. In this sense, only complete non-locality and exponentially vanishing overlaps can be considered as true protection against perturbations [199] .
Traditional experimental schemes to measure the subgap spectrum of nanowires, such as tunneling spectroscopy, rely on local probes, so that they do not directly access the degree of non-locality of a given zero bias anomaly. An alternative, though still local scheme has been proposed to extract a quantitative estimate of the degree of MBS overlap [74, 82, 200, 201] . It consists of measuring tunneling spectroscopy into the end of the nanowire through a QD in series, which reveals the asymmetric coupling of spin-polarized states in the QD with the two spatially separated Majorana components of the zero mode. Such a scheme was implemented in a recent experiment [83] that demonstrated a varying degree of wavefunction overlap in otherwise similar zero modes. Other, truly non-local probes have been realized very recently that could detect the presence of non-local Majoranas using multiple tunnel probes [122, 156, 202] .
V. SUMMARY AND OUTLOOK
We have reviewed the remarkable recent advances towards probing and characterizing the detailed structure of ABSs in hybrid nanowires and related systems, particularly in regards to their internal spin texture as a result of magnetic and spin-orbit couplings. Researchers have begun to understand how these delicate spin effects con-nect to the spatial separation of ABS wavefunction components, ultimately resulting in robust Majorana zero energy modes. Theoretically, we have also begun to clarify the different routes towards stabilizing MBS, from the well established bulk topological transition to using smooth and/or spin-dependent confinement, to the non-Hermitian approach based on exceptional point bifurcations. Having understood the importance of wavefunction non-locality for the protection of MBSs, their resilience against noise and the possibility of carrying out braiding operations, it has become a major focus point in current experiments to detect and quantify the degree of Majorana overlap. We have reviewed some promising first results using purely local probes. These have intrinsic limitations, unfortunately, and can only suggest, not demonstrate, Majorana non-locality. Experiments are underway, however, to exploit truly non-local measurements in more complex nanowire setups without such limitations [203] . The ultimate demonstration, non-Abelian geometric braiding, remains an open challenge. Braiding and non-locality are the cornerstones behind the original promise of Majorana applications, i.e. to harness the hardware-level resilience of Majorana qubits to solve the scalability problem of quantum computers. Regardless of the outcome of such long-term endeavour, the leading efforts have already revealed a remarkably fertile field for condensed matter research. at low momenta are almost aligned with B while canting towards the Rashba axis occurs for larger k). This spin canting is crucial for obtaining p-wave superconductivity: it can be shown that by projecting a standard s-wave pairing term H s = k ∆{ψ † ↑,k ψ † ↓,−k + H.c.} onto the helical basis one obtains intraband (spinless) pairing terms of the form H p
Z +α 2 k 2 having so-called p-wave symmetry ∆ k = −∆ −k . This minimal Hamiltonian is a realistic implementation of Kitaev's model for 1D p-wave superconductivity [31] . When the applied Zeeman field is larger than the critical value V c Z = ∆ 2 + µ 2 , the 1D SC becomes topological and hosts MBSs at its ends.
To implement this proposal in experimentally realizable systems, one needs semiconductors with large gfactors in order to achieve a large V Z under moderate external magnetic fields B below the critical field of the SC. A good proximity effect with conventional SCs and a large Rashba energy are also necessary. Last but not least, one needs to be able to keep the chemical potential µ of the nanowire close to zero (in order to reach the helical regime with spin-momentum locking for moderate B), despite the proximity to the SC.
Appendix B: Box 2 -Majorana basis
A Bogoliubov-de Gennes eigenstate in a superconducting system is an excitation |ψ n = ψ † n |BCS of energy n over its ground state |BCS that consists of a superposi-tion of one electron and one hole quasiparticles,
Here ψ † σ (x) and ψ σ (x) create and destroy a quasiparticle of spin σ perfectly localized at point x, respectively, and u(x), v(x) are electron/hole wavefunctions.
If the energy of a given eigenstate |ψ 0 = ψ † 0 |BCS becomes negligibly small 0 ≈ 0 as in the case of a topological Majorana nanowire, the eigenstates |BCS and |ψ 0 are both degenerate ground states, of even and odd fermionic parity, respectively. If we denote |ψ even ≡ |BCS and |ψ odd ≡ |ψ 0 , we find that ψ 0 and ψ † 0 switch between the two |ψ even |ψ odd = 0 ψ 0 ψ † 0 0 |ψ even |ψ odd .
The matrix elements of ψ 0 , ψ † 0 in this subspace are therefore ψ even,odd |ψ 0 |ψ even,odd = (σ 1 + iσ 2 )/2 and ψ even,odd |ψ † 0 |ψ even,odd = (σ 1 −iσ 2 )/2, where σ i are Pauli matrices.
By performing a unitary rotation to the so-called Majorana basis, the eigenstate operators ψ 0 , ψ † 0 can be decomposed into two Majorana operators that satisfy selfconjugation, γ 1 = γ † 1 and γ 2 = γ † 2 , so that ψ 0 = (γ 1 + iγ 2 )/2, ψ † 0 = (γ 1 − iγ 2 )/2; γ 1 = ψ † 0 + ψ 0 , γ 2 = i(ψ † 0 − ψ 0 ).
(B1)
Each Majorana operator corresponds to a fermionic eigenstate, in the sense that {γ † i , γ j } = 2δ ij , but the Majorana reality property also implies that, unlike a conventional fermion, γ 2 i = 1. The matrix elements of γ i in the ground state subspace are ψ even,odd |γ i |ψ even,odd = σ i . The Majorana states created by γ 1 and γ 2 are sometimes intuitively described as half-fermions, as they always come in pairs and any two in a system can be combined to create a conventional fermion as above. In a topological Majorana nanowire, the wavefunction u M i,σ (x) of
is localized at either end of the nanowire, unlike u 0,σ (x), v 0,σ (x) of ψ 0 , that occupies both ends, see Fig.  8 . The latter is hence called a non-local fermion. The above transformations, Eqs. (B1), can be applied to an arbitrary ABS ψ n of finite energy. In such case, the resulting Majorana states are not eigenstates. However, the decomposition still allows to examine the degree of Majorana non-locality of ψ n by computing the overlap between the corresponding u M 1,σ (x) and u M 2,σ (x).
